Entropy of constant curvature black holes in general relativity 
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We consider the thermodynamic properties of the constant curvature black hole solution recently 
found by Bafiados. We show that it is possible to compute the entropy and the quasilocal thermo- 
dynamics of the spacetime using the Einstein-Hilbert action of General Relativity. The constant 
curvature black hole has some unusual properties which have not been seen in other black hole 
spacetimes. The entropy of the black hole is not associated with the event horizon; rather it is as- 
sociated with the region between the event horizon and the observer. Further, surfaces of constant 
internal energy are not isotherms so the first law of thermodynamics exists only in an integral form. 
These properties arise from the unusual topology of the Euclidean black hole instanton. 
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It is generally believed that black holes have a funda- 
mental role to play in furthering our understanding of the 
quantization of gravity. Indeed, a wide variety of space- 
times representing black holes with unusual properties 
has been discoverd in the past decade as a consequence 
of an intensive study of the various approaches to quan- 
tum gravity. Further progress will necessarily entail a 
more thorough investigation of the basic thermodynam- 
ics of the different species of black holes. 

A new type of black hole solution has been found re- 
cently by Bahados Q. This solution, which is one possi- 
ble generalization of the 2+1 dimensional black hole |^] 
to higher dimensions, represents a black hole in a space- 
time with toroidal topology and constant curvature. The 
constant curvature black hole (CCBH) is essentially anti- 
de Sitter spacetime with identifications, and so it is a so- 
lution of any theory which contains anti-de Sitter space- 
time .[] 

In this letter, we examine the thermodynamic proper- 
ties of the CCBH spacetime in General Relativity. In gen- 
eral, a given black hole solution can arise from a variety 
of theories, and its thermodynamic properties are theory- 
dependent. In order to understand the thermodynamic 
properties of CCBHs, Bahados considered the black hole 
to be a solution of a five-dimensional Chern-Simons su- 
pergravity theory. In such a theory, the thermodynamic 
variables can be constructed for a rotating solution, but 
the result is surprising: the thermodynamic internal en- 
ergy is associated with the angular momentum parameter 



of the solution while the thermodynamic conjugate to the 
angular velocity is associated with the mass parameter. 
In addition, the entropy is found to be proportional to the 
circumference of the inner horizon rather than the outer 
horizon. Such phenomena also occur for the 2+1 dimen- 
sional black hole when the thermodynamic variables are 
computed from a Chern-Simons like action Q, though 
a more conventional result for the thermodynamic vari- 
ables is obtained when the action of General Relativity is 
used II . We consider here CCBHs in the context of four- 
dimensional General Relativity, although our results may 
be straightforwardly generalized to any larger number of 
dimensions.^ 

For definiteness, we consider the non-rotating CCBH 
spacetime. This spacetime has the line element 



ds 1 = ^fp_ {de 2 



with the metric function 



'(dt/ef 



dr 2 



f(r) 



+ r 2 dcj> 2 (1) 



(2) 



The quantity r H is the circumferential radius of the "bolt" 
of the Killing horizon, and i is the length scale of the anti- 
de Sitter spacetime curvature. The angle 4> is periodic 
with period 27r; the coordinate system is valid outside 
the black hole (i.e., for r > r H ) and for < 9 < it. 
The details of the construction of this spacetime from 
ordinary anti-de Sitter spacetime can be found in Ref. [|lj . 
Because this solution is merely anti-de Sitter spacetime 



*An examination of all identifications in four dimensional 
anti-de Sitter spacetime has been presented by Hoist and 
Peldan || ; the CCBH manifold described by Bafiados can be 
considered to be a submanifold of one of the solutions found 
in Ref. [i. 



^The thermodynamics of other asymptotically anti-de Sitter 
black holes with non-trivial spatial topology has been studied 
in Ref. i 
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with identifications, it is a solution to the field equations 
arising from the Einstein-Hilbert action, 



I = 



m 16tt 



M 



4 e(i?-2A), 



(3) 



with cosmological constant A = —3/£ 2 . Here, L is the 
Einstein-Hilbert Lagrangian 4-form (with a cosmological 
constant) and 4 e is the volume form on the manifold M . 
The Lorentzian black hole spacetime is depicted in Fig. [I]. 
Notice that the foliation of the spacetime into leaves of 
constant coordinate time t is degenerate on the axis A 
with 9 = and 9 = tt (we have included a second side 
with tt < 9 < 2tt in Fig. |l|). The quasilocal surface B is 
taken to be a 2-surface of constant time and radius r = 
R > r H . 




FIG. 1. The Lorentzian CCBH spacetime. The two cones 
represent the future and past event horizons of the black hole, 
while the spacelike surfaces Eo and Ei are surfaces of con- 
stant coordinate time. The singularity within the horizon is 
not shown. Each point represents a circle in the suppressed 
coordinate <f>. The outer boundaries of Eo and Ei are the 
quasilocal surfaces of constant time and radius. The foliation 
is degenerate along the axis A. 

Let us begin our analysis of the properties of the CCBH 
with a calculation of the entropy. The entropy of a black 
hole spacetime is equal to the value of the microcanonical 
action of the Euclidean section of the spacetime 0] . In 
the case of the CCBH, the Euclidean section is obtained 
by the Wick rotation t — > t = it. The line element is 



ds 1 



[dO 2 + sin 2 9 (dr/lf 



dr 2 



(4) 



Notice that the quantity in brackets is the line clement 
of a two sphere if < 9 < tt and t is periodic with pe- 
riod 2tt£. If such an identification of the time is made, the 
Euclidean manifold is regular and is depicted in Fig. 0|] 



The surface gravity of the event horizon is k h = 
[-i(V a ^)(V a t b )] 1/2 = l/£, so the usual regularity condition 
At = 2tt/k h applies. 
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FIG. 2. The Euclidean CCBH instanton. The azimuthal 
angle is the time t/£, the polar angle is 0, and the radius 
is the proper radius p = J dr/f(r) with p(r H ) = 0. Each 
point represents a circle in the suppressed coordinate 4>. The 
surface E is a surface of constant time; its boundary consists 
of the quasilocal surface B and the axis A of the sphere. 

The microcanonical action differs from the action of 
Eq. (^|) by a boundary term on the history T of the 
quasilocal surface B [p| : 



M 



dthq[t}. 



(5) 



The boundary functional contains the Noether charge 
2-form, q[t], associated with the covariance of the La- 
grangian under diffeomorphisms generated by the vec- 
tor t a = (d/dt) a [||. On a two-dimensional submanifold 
with binormal n ab and volume element 2 e a b = \n cd \ c dab, 
the Noether charge 2-form is given by 



q[t] = -)- 2 en ab V a t b . 

1D7T 



(0) 



The microcanonical action can be evaluated on the Eu- 
clidean manifold to yield the entropy. We follow the 
method of Iyer and Wald Q in computing the entropy. 
Because the spacetime is stationary, we find 



S = At 



(7) 



q[t] + / q[t] . 
las Jb 

with At = 2tt£. From Fig. ||, it is clear that dH con- 
tains two pieces: the quasilocal surface B and the axis A 
of the spherical instanton. Thus, the entropy only de- 
pends on the integral of the Noether charge 2-form over 
the axis A of the spherical instanton. The binormal to A 
is n ab = 2u[ a m b l where u a is the normal vector to sur- 
faces of constant time, and m a is the normal vector to 
surfaces of constant 9. The Noether charge 2-form is 
found to be q[t] = 2 e(87r^) _1 where 2 e is the area ele- 
ment of the 2-surface A. Integrating the Noether charge 
over the boundary A (which consists of both the portion 
with 9 = and 9 = tt), we find that the entropy is 
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S = 7Ti 2 f(R) 



(8) 



where r = R is the radius of the quasilocal surface B. No- 
tice that the entropy depends on the size of the quasilocal 
surface: this dependence occurs because the entropy is 
associated with the area of the cylinder A which extends 
to r = R. 

We can also calculate the quasilocal thermodynamical 
variables in order to verify that the first law of ther- 
modynamics holds. The relevant quantities we need are 
the quasilocal energy density and the surface stress ten- 
sor. These variables are calculated using the definitions 
of Brown and York ficj| . The quasilocal energy density 
derived from the Einstein-Hilbert action is given by 



1 

8tT 



fak. 



(9) 



Here, k is the trace of the extrinsic curvature k a b of the 
quasilocal surface B embedded in the spacelike surface E: 
k a b = —<7 a c D c ni, where D a is the covariant derivative 
operator on E, n a is the normal vector to B embedded 
in E, and a a b is the induced metric on B. Similarly, the 
quasilocal surface stress tensor is 

S ab = ~^Mk ab - <J a "(k - n c a c )} (10) 

where a c — u a V a u c is the acceleration of the timelike 
unit normal u a to the surfaces B embedded in T. In gen- 
eral, the quasilocal energy density also has a contribution 
arising from an arbitrary background action functional; 
this contribution effectively provides a zero point for the 
energy in a reference spacetime. However, it is difficult 
to choose a reference spacetime for the CCBH because 
the intrinsic geometry of the quasilocal surface B de- 
pends on the constant of integration r H . Fortunately, 
since the first law of thermodynamics only depends on 
changes in the quasilocal energy, the contribution from 
the reference spacetime is irrelevant when analyzing the 
thermodynamics of the spacetime. 

The calculation of the quasilocal energy density and 
surface stress tensor is straightforward. From Eqs. 
and @, we obtain 



E 



[R 2 +£ 2 f(R)} 



for the quasilocal energy and 



1 



g<t>4> — 



16tt £ 4 f 2 (R) 
1 



[R 2 + e z f(R)\ 



8nr H 



(11) 

(12a) 
(12b) 



for the quasilocal stress tensor. In addition, the inverse 
temperature P(R) on the quasilocal boundary can be 
computed: it is just the red-shifted period of identifi- 
cation of the Euclidean time. We find 



(i{R) = [gu{R)] 1/2 ^ 



2n£ 2 f(R) 



(13) 



Notice that the temperature is not constant on the 
quasilocal surface. In particular, it diverges at 6 = 
and 8 = n. This is because the foliation becomes degen- 
erate at these points. 

The first law of thermodynamics is obtained by consid- 
eration of variations of the microcanonical action evalu- 
ated on the Euclidean manifold. As shown in Refs. ifjlpl, 



ss = 



dO 



2t: 



d(t>P[5E + S ab Sa ab ] 



(14) 



Because the quasilocal boundary is not an isotherm, the 
first law of thermodynamics must be left in an integral 
form, i.e., the temperature cannot be factored out of the 
integral. Eq. can be explicitly verified using the 

quasilocal energy density of Eq. ( pi] ) , the quasilocal stress 
tensor of Eqs. Jl^), the temperature of Eq. ( |l3| ) and the 
entropy of Eq. (pf). Recall that a a b is the metric on the 
quasilocal boundary B. The variations induced in the en- 
tropy, energy, and metric a a b are variations in both the 
constant of integration r H and the size of the quasilocal 
system R. Two unusual features of the CCBH spacetime 
thermodynamics are the facts that the entropy depends 
on the size R of the quasilocal system and that the met- 
ric of the quasilocal boundary depends on the constant 
of integration r H . Thus, under variations in the param- 
eter r H alone, there is work done by the surface stress; 
similarly, a process involving a change in the size of the 
quasilocal system alone is not adiabatic. 

We have shown that it is possible to compute the ther- 
modynamic variables associated with the CCBH space- 
time in 3+1 dimensions as a solution to the theory 
of General Relativity. In order to avoid the effects of 
the unusual asymptotic behavior of the spacetime, we 
have adopted quasilocal definitions of the thermody- 
namic variables. When the spacetime is foliated into 
leaves associated with the timelike Killing vector, the 
Euclidean instanton has an unusual topology: the foli- 
ation becomes degenerate on a cylinder that contains the 
bifurcation circle of the event horizon. The entropy is as- 
sociated with the area of this cylinder, and it vanishes as 
the quasilocal surface approaches the horizon. This re- 
sult indicates that the entropy is not so much associated 
with the black hole horizon as with the area of the sur- 
face of degeneracy in the foliation of spacetime. It should 
be emphasized that the foliation degeneracy results from 
the requirement that the observers remain static; how- 
ever, this requirement is needed in order to treat the 
spacetime as a thermodynamic system. In addition, the 
metric on the quasilocal boundary depends on the con- 
stant of integration of the black hole solution. Because 
of this, it is difficult to find a reference spacetime that 
produces a suitable zero-point for the quasilocal energy. 
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Nevertheless, the thermodynamic variables do satisfy the 
first law of thermodynamics given in Eq. (|l4|). 
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